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1 . Introduction 

In this paper we study the Cauchy problem for the 2D incompressible Boussinesq 
equations with fractional Laplacian dissipation in 

" dtu + {u ■ V)u + vK°'u + Vp = 6*62, 

dtO + iu ■ W)e + = 0, , , 

V-u = 0, ^ ^ 

^ n(a:, 0) = 0 ) = 6'o(x), 

where m(x, t) = t), U 2 {x, t)) is a vector held denoting the velocity, 9 = 9{x, t) 

is a scalar function denoting the temperature in the content of thermal convection and 
the density in the modeling of geophysical huids, p the scalar pressure and 62 = (0, 1). 
Here the numbers j^>0,«:>0,q;> 0 and /5 > 0 are real parameters. The fractional 
Laplacian operator A", A := (—A) 2 denotes the Zygmund operator which is dehned 
through the Fourier transform, namely 

^(0 = l^l“/(0, 

where 

dx. 

( 2 t ) J^2 

The fractional Laplacian serves to model many physical phenomena such as overdriven 
detonations in gases [lO]. It is also used in some mathematical models in hydrodynamics, 
molecular biology and hnance mathematics, see for instance [16]. 
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Actually, the standard 2D Boussinesq equations (that is a = (3 = 2) model geo¬ 
physical flows such as atmospheric fronts and oceanic circulation, and play an impor¬ 
tant role in the study of Raleigh-Bernard convection (see for example |311 [33] and ref¬ 
erences therein). Moreover, there are some geophysical circumstances related to the 
Boussinesq equations with fractional Laplacian (see [3133] for details). The Boussinesq 
equations with fractional Laplacian also closely related equations such as the surface 
quasi-geostrophic equation model important geophysical phenomena (see, e.g., [TI]L 
The standard 2D Boussinesq equations and their fractional Laplacian generalizations 
have attracted considerable attention recently due to their physical applications and 
mathematical significance. Obviously, for case /r = k = 0, the system fll.ip reduces to 
the inviscid Boussinesq equations, whose global well-posedness of smooth solutions is an 
outstanding open problem in fluid dynamics (except if 9q is a constant, of course) which 
may be formally compared to the similar problem for the three-dimensional axisymmet- 
ric Euler equations with swirl (see [3T]). In contrast, in the case when a = (3 = 2, the 
global well posedness has been shown previously, we refer, for example, to [5]. Therefore, 
there are a large number of works devoted to studying the intermediate cases, such as 
fractional dissipation, partial anisotropic dissipation and so on. The global regularity to 
the system fll.ip for the cases when a = 2 and k = 0 or f3 = 2 and /i = 0 were established 
by Chae [S] and by Hon and Li [23] independently. By deeply developing the structures 
of the coupling system, Hmidi, Keraani and Rousset [231 El] were able to established the 
global well-posedness result to the system fll.ip with two special critical case, namely 
a = 1 and k = 0 or /3 = 1 and /i = 0. The more general critical case a + (3 = 1 with 
0 < a, /9 < 1 is extremely difficult. Very recently, the global regularity of the general 
critical case a + P = 1 with a > ^ 0.9132 and 0 < /5 < 1 was recently examined 

by Jiu, Miao, Wu and Zhang [23]. This result was further improved by Stefanov and 
Wu [33], which requires a + (3 = 1 with a > ^i’^77-23 0.798 and 0 < ^ < 1. Here we 

want to state that even in the subcritical ranges, namely a + (3 > 1 with 0 < a, /3 < 1, 
the global regularity of fll.ip is also definitely nontrivial and quite difficult. Actually, to 
the best of our knowledge there are only several works concerning the subcritical cases, 
please refer to [1211321 [3H113311311132] • More precisely, Miao and Xue [32] obtained the 
global regularity for system fll.ip for the case zz > 0, k > 0 and 


6 - \/6 


<a<l, 1 — a < (3 < min 


" + 2-2«r 


5 


^fQ-2a 


In addition, Constantin and Vicol [12] verified the global regularity of the system fll.ip 
on the case when the thermal diffusion dominates, namely 


n>0, K>0, 0<a<2, 0</3<2, (3 > 


2 + a 


Recently, Yang, Jiu and Wu [3E] proved the global regularity of the system (11.11) with 

^ ^ 01 ^ 2-1-a^ 10 — 5a 

Z7>0, «;>0, 0<a<l, 0</3<l, /3>1--, /3>^—, l3 > ———. 

2 3 10 — 4a 


Here we want to point out that the above two works [I2113E] have been improved by the 
recent two manuscripts [131131] • In particular, we [H] proved the global well-posedness 
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result for the system fll.ip with 

OL 

u > 0, K> 0, 0<a<l, 0</3<l, I3 > 1- 

It is also worthwhile to mention that there are numerous studies about the Boussinesq 
equations with partial anisotropic dissipation, see for example [2l[3l[Il[l5l[6l|28]. Many 
other interesting recent results on the Boussinesq equations can be found, with no in¬ 
tention to be complete (see, e.g., [H IH [131 [IH ESI ESI [22l |2ll [25l |26l [271 [SSI [211 [3Ql [35l 
[MI[371[39] and the references therein). 

To complement and improve the existing results described above, this paper continues 
the previous two works [321 [T2] to show the global regularity result. Since the concrete 
values of the constant u, k play no role in our discussion, we shall assume v = k = 1 
throughout this paper. Now our main result is the following theorem. 


Theorem 1.1. Suppose that 0.77963 


1 — a < (3 < min 


Oo < a < 1 and 0 < /3 < 1 obeys 
3a-2 2-2a 


2a2-6a + 5’ 4a-3J‘ 

Let {uo, Oq) £ 77'^(M^) x 77'^(M^) for a > 2, then the system 17.71) admits a unique global 
solution such that for any T > 0 


u e C{[0,T]; n L\[0,T]; 

e e C'([0,T];77"(M2)) nL2([0,T]; 77^+2 


Remark 1.2. Here we say some words about ao which can be explicitly formulated as 


ao 


8 - (^6\/^+ ns - 118) 

6 


0.77963. 


By using the well-known Shengjin’s Formulas Id, it is easy to show that ao is a unique 
real solution to the following cubic equation 

2a^ - 8a^ + 14a - 7 = 0. 


Remark 1.3. The condition a > ao ~ 0.77963 is weaker than the previous two works 
[521 [12], where the corresponding conditions are a > 0.887627 and a > 

0.783635, respectively. Hence, this result can be regarded as a further improvement of 
the results in [521 [12] . 

Remark 1.4. For technical reasons, the ft should be smaller than a complicated explicit 
function. As a matter of fact, it is strongly believed that the diffusion term is always 
good term and the larger the power ft is, the better effects it produces. Therefore, 
we conjecture that the above theorem should hold for all the cases ao < a < 1 and 
1 — a < ft < 1. 


2. The proof of Theorem 11.11 

This section is devoted to the proof of Theorem 11.11 Now let us to prove our main 
theorem. First, the local well posedness of the system (II.Ih for smooth initial data is 
well-known to us (see for example [5T]), and therefore, it suffices to prove the global in 
time a priori estimate on [0, T] for any given T > 0. In this paper, all constants will be 
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denoted by C that is a generic constant depending only on the quantities specified in 
the context. 

Thanks to the basic energy estimates, we obtain immediately 

sup ||0(t)||i2 + / ||A20 (t)||^ 2 dr < ||0 o||l2, \\d{t)\\LP <\\9 o\\lp, Vp G [2, oo], (2.1) 

0 <t<T Jo 

sup \\u{t)\\l 2 + [ ||A?M(r)||^ 2 dr < C(r, Mo, do). ( 2 . 2 ) 

0<t<T Jo 

Now we apply operator curl to the equation fll.ip i to obtain the following vorticity 
w = diU 2 — d 2 Ui equation 

dtw + {u ■ V)w + A°‘w = dxO. (2.3) 

However, the ’’vortex stretching” term appears to prevent us from proving any global 
bound for w. To overcome this difficulty, a natural idea is to eliminate the term dx6 
from the vorticity equation. This method was first introduced by Hmidi, Keraani and 
Rousset [201 El] fo treat the Boussinesq equations with critical cases. Now we set TZa 
as the singular integral operator 

:= a,A-“. 

Then we can show that the new quantity G = u — IZ^O satisfies 

dtG + (m • V)G + A“G = [7^„, m • V]d + A^-^dxO, (2.4) 

here and in sequel, the following standard commutator notation are used frequently 

[JZa, u ■ V]d := Tla{u ■ Vd) — U ■ A/JZqO. 

The above equation is very important in our analysis in order to derive some crucial a 
priori estimates. Moreover, the velocity field u can be decomposed into the following 
two parts 

u = V^A-^o; = V^A-^G + V^A-^7^„ := uq + uq. 

Before further proving our main result, we need to recall some useful lemmas. The first 
lemma concerns the following commutator estimate, which plays a key role in proving 
our main result. 


Lemma 2.1 (see [H]). Let p G [2, cx)) and r G [1, cxo] and d G (0,1), s G (0,1) such that 
s + d < 1, then it holds 

||[A^/]^||b|^^ < G(p,r, 5, s)(IIV/|| lp||^||^j+«-i + |l/||i 2 ||^||i 2 ). (2.5) 

Here and in what follows, 3^ ^. denotes the standard Besov space. 

To prove the theorem, we need the following commutator estimate involving TZa, 
which was established by Stefanov and Wu [34] . 

Lemma 2.2. Assume that | < a < 1 and 1 < p 2 < oo, 1 < pi, Ps < cxo with ^ ^ + 

— = 1. Then for 0 < Si < 1 — a and si + S 2 > 1 — ct, the following holds true 


F[}Z^,UG-V]edx <G||A*id|Upi||F|| W^ 2 ^P 2 lie'll LP 3 ■ 


( 2 . 6 ) 
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Similarly, for 0 < Si < 1 — a and Si + S 2 > 2 — 2a, the following holds true 

[ F[na,ue-\/]Hdx<C\\A^^9\\LPi V1/®2.P2 Ili^lliPS. (2-7) 

1 R 2 

Here and in what follows, W‘^’^ denotes the standard Sobolev space. 

The following lemma is the bilinear estimate which will be used frequently. 

Lemma 2.3. Let 2 < m < oo, 0 < s < 1 and p,q,r E (1, cxd)^ such that - = - + -? then 
it holds 


l|A^(l/r-V)IU.<qi/ll 

im —2 


m—2 
W'f n 7 ;^r(m- 2 ); 


m—2 


( 2 . 8 ) 


Ill/P f\\w’>’P < C\\f\\Blp\lJ ||^r(m- 2 )- 
Proof of Lemma \2.3\. One can hnd the proof in [12] and we sketch it here for conve¬ 
nience. Let us recall the following characterization of with 0 < s < 1 

'’"-vp+o-i/r-voip. 


iiApi/r-v)rn.^ / — 

Note that the following simple inequality 


\x 


\2+sp 


■ dx. 


\m—2 , 


a - \br-H < C{m)\a - ^Klap-" + 


and Holder inequality, it results in 


m—2 . 


/(!+.)-i/r-V(.)iiw < cii/(i+.)-/(.)ii„ 

< C'||/(i+.)-/(.)||„ 

Thus, it follows from the characterization of Besov space that 


iiA‘(i/r-V)iii. < G 


< 

c j 


JR2 

< 

C\\f\\ 

< 

C\\f\\ 


ii/(i+.)-/(.)"” 


\x 


ILi 
\2+sp 


Br(m-2) 


m—2 II 

IIL’’ 

m—2 

Br{m-2) ■ 


dx 


(m-2)p f \\f{x+.)-f{.)\\l. 


X 


2+sp 


dx 


{m—2)p 


The Holder inequality directly gives 

iii/r-viu. < cwnuAWfr-^Lr = c'ii/iu.ii/iir;^i2). 

Consequently, this concludes the proof of the lemma. 


□ 


With the above lemmas in hand, we continue to prove the main result. First we are 
now in the position to derive the following estimate concerning the temperature 9 and 
G, which plays an important role in proving the main theorem and is also the main 
difference compared to the recent manuscript |42j . 

Lemma 2.4. Under the assumptions stated in Theorem M . 1[ let {u,9) be the correspond¬ 
ing solution of the system U.l\) . If jd > 1 — a and a > |, then the temperature 9 admits 

the following bound for any max | 2 - 2 a-^ ^ 2+0-3a | ^ ^ ^ | 

sup (||G(t)||i 2 -h ||A^ 6 '(f)|p 2 ) f (||A 2 G|p 2 ||A ^+2 6 )|| 22 ^^ 7 -) d-p < c{T, uq, 9o), 

0<t<T Jo 
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where C{T, uq, 9q) is a constant depending on T and the initial data. 


(2.9) 


Remark 2.5. Although the above estimate 02.91) holds for max | ^ ^ < 

5 < |, yet by energy estimate 02 .ip and the classical interpolation, we find that 02 .9p is 
actually true for any 0 < 5 < |. 


Proof of Lemma \2.4\ Applying A"^ (5 > 0 to be fixed later) to Ol.ip o. then multiplying 
it by A^0, after integration by parts, we find that 


+ l|A'+^»||i, = - / A'(«. ve)A‘edx. 


( 2 , 10 ) 


Hence, an application of the divergence-free condition, commutator estimate 02.5p . Besov 
embedding and Gagliardo-Nirenberg inequality directly yields 


A^{u-V9)A^9dx 
[A^,u-V]9 A^9dx 


= / V ■[A^,u]9 A^9dx 

< C||A'-qA‘,M|«|U.||A‘+^»|U. 

< C’||[A^«]«||^._,||A‘+««|U, 

< c|||V,«]e|| 

^2,2 

< C(||V«|U.||9|I ,-| + IMUHI«IIl>)IIA‘+««|U. {s<A 

00,2 

< f^||a;|UHI^IU-l|A'+^0|U2+G||n|U2||0|U2||A'+t0|U2 

< c(\\g\\l2 + \\nj\\L2)\\9\\LA^^^^o\\L2 + c\\u\\LA\e\\LA\^'^~^o\\L2 

< c\\9\M\G\\LA\^^+--e\\L2 + c\m^^^^ 

+G\\u\\l2\\9\\l2\\A^+U\\l2 

2S+p+2a-2 2-2a „ 

< C||0|Uoo||G|U 2||A^+^0|U2+G||0|U.||0||,,-+^ ||A^+l0||2r||A^+t0|U2 

+ G\\u\\L 2 \\ 9 \\L 2 \\A^+h\\L 2 
/ 2-2a-P 2-2a \ 

V ^ 2 26 +A ^ / 

1 2(29+3) 

< jllA^+^OIIi, +C(||«||“««"-" + ||«||i.)||9||i. + C||9||i„||G||i.. 


Here we have applied the following facts 

f ^ ‘25-\-l3+‘2ct — 2 „ 2 — 2q: 

IIA'-oSlli,,,., < C||«||^, ||A'+5»||“«,, 
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which holds true for h < § and 6 > ^ respectively. 

Substituting the above estimate into (I2.10p . we arrive at 

a 2(2 S+p) 

|||A^»(()||i. + \\h‘*i0\\l < C(||«||f««“-“ + ||«||i.)||9||i. + C||9||i.||G||i., (2.11) 

Now we test the equation (12.dh by G, integrate the resulting inequality with respect to 
X and make use of divergence-free condition to obtain 

\^\\G{t)\\l2 + \\h^G\\l2= j [7^„, M-V]0 Gdx+ / A^-^dJGdx. (2.12) 
2 dt 

We easily deduce from Gagliardo-Nirenberg inequality and Young inequality that 


Gdx 


< G||A'^+2 0|U2||Ai+t-“-'5G|| 


L2 


3a+2(5-2-/3 ^ 2+0-2a-2S 

< C||A‘+T«|U=||G||„ " IIAiGII, 


lL2 


2 -|- /3 — 3ck 2 j3 — 2ck 

--- < 5 < --- 


< i||AtG||i, + l||A‘+l«||i, + G||G||i., 


(2.13) 


where in the second line, we have used the following Gagliardo-Nirenberg inequality 
||Ai+f-«-^/ 


3a-^25-2-0 2+0-2a-25 

^Gh2<G\\G\\^2 “ IIA^GIh 


lL2 > 

for any < h < 

Observing the decomposition u = uq + uq, we get 

I [TZa, u ■ A/jO G dx = I [TZa, ug ■ V]0 G dx + I [TZa, ug ■ A/jO Gdx. 

Jk2 Jk2 Jk2 

Let us use the estimate (12.61) with si = 0 to control the above hrst term as 


[R-a, ug ■ V]0 G dx 


< 


< 

< 


G\\e\\Lo.\\G\\L2\\G\\H‘2 (S2 >l-a) 

G||«lli-l|G||i.||G||„, (1.2 <|) 

gl|A'^G||^2 + G(1 + ||l^|li.c)||G||),2. 


(2.14) 


To estimate the second term, we can apply the estimate (12.7j) with S 2 = f to conclude 
that 


[JZa, Ug ■ V]6* G dx 


< C||«n»||»||„.,||G||„. <l-a) 

2(5-|-/3—2sp 2si 

< c|i»iu»ii«|iy'« ||A‘+i«|i;niG|i„, 

(0<i.i <A+|) 

1 1 fl 4a+2/3 

< gllA^GIIi. + + G||«||”«-“‘ ||e||i,(2.15) 



























where in the hrst line and second line, the number si should be satished 


max < 0, 


4 — 5a 
2 / 


< Si < min < 1 — a, h + 




which can be ensured by choosing 5 > ^ ^ and a > |. 

Inserting above estimates fl2.13p - fl2.15l) into fl2.12l) . we can conclude 


45 + 2,3 


5 |l|G(i)ll!. + 5l|A’G|li> < + C(1 + ||9||i„)||G|||, + C||9|| 


By putting fl2.1ip and fl2.16p together, we hnally get 
d 


|2 

Il2- 


(2.16) 


dt 


(||G(()||i. + ||V»(i)|||>) + IIAtGlli, + ||V+!9|| 


L2 


2 { 25 +/ 3 ) 45 + 2 ^ 

< C(1 + + ||n||i2 

for any 6 satisfying 

2-2a- (3 2 + 3-3a 4 -5a- 3 


i2 + C'(l + ||0||i.)||G||i„(2.17) 


max 


< 5 < min { ^ 


3 3 + 2-2a'i_3 
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Observing the facts a > | ^ i 5 a 0 ^ 2 2 a 0 ^ ^ 0 + 2 ^ 2 a ^ range of 5 becomes 

/ 


3 

max 


< S < -. 
2 


2^2 ^ ^ 2 

2 — 2a — 3 2 + 3 — Set 'I 
2 ’ 2 

By the standard Gronwall inequality, we can easily get from fl2.17p that 

sup (||G(()||'i= + ||Al«(f)||i.) + 3 (||A«G||i, + \\^‘*ie\\l,)^T)dT < C(T, «„) 

0<t<T Jo 

Thus the conclusion is proved. 


□ 


Next we establish the following global a priori bound of L™' norm for G based on 
Lemma 12.41 This a priori bound plays a crucial role in proving the main theorem. 

Lemma 2.6. Let ao < a < 1 and 1 — a < 3 < enin ||, 17^}■ 24ssrtme that 

(uoi do) satisfies the assumptions stated in Theorem li.il then the combined equation 
admits the following hound for any 0 <t <T 

\\G{t)\\fir. + r ||G(r)r^ dr < C{T, uo, 0o), (2.18) 

where m = + e for some e > 0 small enough, which may depend on a and (3. 

Remark 2.7. It follows from the recent paper [42] (also [32]) that we need the key 
requirement m > ^ arbitrarily close to ^Tit- Thus it is sufficient 

to select m = ^ with any e > 0 small enough. 

Proof of Lemma \2.6\. To begin with, let us recall the the following fractional version 
of the Gagliardo-Nirenberg inequality which is due to Hajaiej-Molinet-Ozawa-Wang [18] 

l|A’'’«|l^i < C||A 4 »f,,l||»||^-J^ 0 < 7 < 1 
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In fact, the above inequality is a direct consequence of Theorem 1.2 of [18] as well as 
the equivalence ~ for 0 < s 7 ^ N and 1 < p < 00 . 

Thanks to the bound (I2.9p . we have for any 0 < 7 < | and 2 < q < 00 


Lt 


4679 


2{P-25)^q 


< c'||0„|iS'y'>' / ||A'»(()||7 ||A‘+«e(()||^, » dt 

AS^q pT 2(P-2S)jq 

< CllOolli';"’” sup ||A‘«(t)|l7 / ||A*+T9(i)7, * dt 


0<t<T 


< C{T, no, 0o), (2.19) 

where in the last line we just take h such that min {f (1 — ^), O} < h < |. 

Multiplying the equation fl2.4p by \G\^~‘^G {m = + e and e > 0 to be hxed later), 

we have after integration by part and using the divergence-free condition 

^ '^:l|G(t)||r^+ [ iA^G)\Gr-^Gdx 


m dt 


[TZa, U ■ V]0 \Gr-^Gdx + / \Gr-^Gdx 


= / [na,UG-V]e \Gr-^Gdx+ [n^,ue-V]e\Gr-^Gdx 

+ f \Gr-^Gdx. 

We infer from the maximum principle and Sobolev embedding that 

[ (A“G)|Gr-2Gdx > C||AfGf 11^2 > C\\G\r2m , 
iR 2 

where C > 0 is an absolute constant. 

Taking into account the inequality fl2.8p . we hnd that 


IG^-^Gdx < CIIA^^^II i||A^-"+(^-^)^(|Gr-2G)|| 

L A 


( 2 , 20 ) 


( 2 . 21 ) 




< C||A-"’97i||G7.-.«.-,„||G|| 


m—2 

2(m-2) 

L 


< C'||A-"’97i||G||„,||G|| 


I m—2 

2 (m —2) ? 

L 


where we have used ^ and 1 — a -|- (1 — 7 )/? < |, namely 

’ 1-7 


7 > 


2^ + 2 - 3a 

^ ■ 


( 2 . 22 ) 


(2.23) 


Now the estimate (12.7p with si = 7/5 implies that 

[ [JZa,ue-V]9\Gr-^Gdx 


< C'||A^'>97i||0|U„|||Gp-^G|7,„^ 
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(s 2 > 2 — 2a — 7/9, 0 < 7/9 < 1 — a) 

< CIIA^'OII .||0„||i„||G|U.. _ ||G||7L» 

■’ — L 1-27 


< C'||A-"’ 0 |U||G||„^||Gr 7 ^, (s.<^). 


'L^ 


(2.24) 


1-7 

I m —2 

I 2(m- 

L 1-^7 

Now we verify that the number of above S 2 can be achieved. Indeed, it sufficient to 
select 7 as follows 


a 


0 < 7/9 < 1 — a, 2 — 2a — 7,9 < —. 

According to inequality fl2.6p with si = 0 as well as inequality fl2.8p . it gives 

[ [7^„, Mg-V] 6 » IGr-^Gda; 


(2.25) 


< C\\Gh 40 \\L^\\\Gr-^G\\ . 

yy ^ 2 ’ ^ 


(■52 — 77 > 1 — a, - + - — l) 

^2 j) q ' 


( h > 0 is small enough) 

< G\\eo\\LA\G\\LA\Gr;[Z 

< qi^olU^llG'iirr'IIGii 


^G".-2)x^ 




{q> m — 1) 




B 


2-2 

Q 

q-(m-l) ’ 


< C'||«„|U«||G||r.-'l|G||^.,_,^2fcpii (4<2(m-l)) 


where we have applied H 


S 2 —1 + 


2 (m-l) 


-7 I 

(j-(m-l) ’P 


(2.26) 

for m — 1 < g < 2(m — 1). Thanks 


to the requirement S 2 — 2 ^ ^ ~ fl2.26p . we can choose a sufficiently small h > 0 (in 

fact we can take 6 < for example to satisfy all the conditions) such that 

S 2 = 1 — a + (5. 

Notice that the following interpolation inequality 


iiGiL<qiGiii^iiGir., 


H 




where 


—2a + 25 + 4(m — 1) 2(m — 1) 


a 


3a-25 


one can conclude that 


a — 5 


[7^„, UG ■ V]0 \Gr-'^Gdx < G\\eo\\L4\G\\tG^G\\]44G\\ 




< g\\g\\z-4g\\ 




(2.27) 


Substituting the estimates fl2.2ip - fl2.24p and fl2.27p into fl2.20l) . one arrives at 


d 


^||G(i)|lr» + l|G|l7*,, <C||A-"’«||^i||G||„^||Gr^+C||G||r.-'l|G|l'.. (2.28) 


LT" 


L 1-27 
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By the Gagliardo-Nirenberg inequalities, we know 


\\G\\2^<C\\G\\]-J^\\G\\'_j^, 


L 


I A, 

L' 


Ai = 


(1 + 27)771 — 4 

a(?77 — 2) 


IIgii„<ciigii; 


iiGir. 


Ao — 


2 - 


2m 


a 


Here we want to emphasize that the following restrictions 
4 — 777, _ _ 777 — (2 — a) (777 — 2) 


777 777 

< 7 < - 


m < q < 


2m 


a 


2m 2m 

implies 0 < Ai < 1 and 0 < A 2 < 1, respectively. 

In view of above interpolation inequalities fl2.29p and fl2.30p . we can obtain 


C||A’'’«|| .||G||„.||G|r7_„ 

L l-J,, 


< CIIA’fOII .||G||„,||G||ir"'''-"‘>||G||'”7>"' 

f L 2 -ol 

-1 m(m —2) (1 —Aj ) 

+ G(||A'"*«7i||G||„.)=:=I^||Gnr'"-“’'‘ 


4 


(2.29) 

(2.30) 

(2.31) 


(2.32) 


G\\G\\^.-^Gr. 






777/7 


< jllG|irfc+G||G||„, 


777 — (777 —1)A>- 




Inserting the estimates (12.321) and (12.331) into (I2.28p . it holds that 


(2.33) 


AlIGWIIJk + IIGII”^ < G(||A-'%||^i||G|| 




- (m — 


W||G|| 


777(777—2)(1 —A]^) 
777—(777—2)A2 
Lm 


_ mfi _ 777(777— 1)(1 — A2) 


By direct calculation, we have the following facts 


m(m —2)(1 —Ai) m(m —1)(1 —A 2 ) 

< m, ---—— < m, 


m — {m — 2)Ai 
2 

m < 


m — {m — 1 )X 2 

m/i 


2-2a + A m-(m-l)A2 


< 2 , 


and 


8 — (2 — a)m 
7 <-^— I m < 


Am 


a 


m 


m — {m — 2)Ai 


< 2 . 


(2.34) 


1 

Ly 


^ 777/7 

+ ||G||^J=^ J(1 + IIGIIS,). (2,35) 


We thus get 

4||G(()||J‘„<C 

Thanks to the above facts fl2.34l) as well as the bound fl2.19l) . we can deduce that 

_ 777/7 _ 

(l|A"'’»74l|G||„,)==;=wr e n(o, T), ||G||;?^ e n(0. T). 
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By the Gronwall inequality, we can deduce from fl2.35p that 


l|G'(t)||r- + / l|G'(r)|r2^ dT<C<oo. 

/n 


(2.36) 


Finally, let us check that all the restrictions would work. Combining all the requirement 
on the number q, it should be 

2 (m — 1 ) 2m 


4(m — 1) 

max <; m — 1 , - m> < q < mm 

3a-26 


m — 1), 


a — 6 2 — a 


3a-2 


Direct computations yields that the number q can be hxed if we select 5 < 

Putting all the restrictions fl2.23p . fl2.25p . fl2.3ip . fl2.34p and 0 < 7 < | on 7 , we have 


where 


B{a) = max |o 
B{a) = min 


S(a) < 7 < B{a), 

2/3 + 2 — 3a; 4 — 5a 4 — m 


(2.37) 


2/3 ’ 2/3 ’ 2m 

1 1 —a m —(2 —a)(m — 2 ) 8 — (2 — a)m 

2 ’ /3 ’ 2m ’ 4m 


and 


f 2 8 

2 < m < mm < 4, -- 

2-2a+ 6 2 -a 


= 4. 


According to /3 > 1 — a and m < 4, the B{a) and B{a) can be reduced to 

2/3 + 2 — 3a 4 — m' 


B{a) = max < 0, 


2/3 


2m 


—, , rl 1 —a m—(2 — a)(m — 2) 

Therefore, the 7 would work if the restriction on /3 satishes 

„ fa (3a — 2)m 2(1 —a)m'i 

1 — a < /3 < mm < —, ---—--, —-- >. (2.38) 

I 2 m+(2 —a)(m —2) 4 —m / 

Notice that the above inequality fl2.38p is strict inequality and the following key require¬ 
ment 

m > (2.39) 

we just verify that the above inequality (I2.38p holds true when m = . In this case, 

substituting the number m = into fl2.38p . the inequality fl2.38p reduces to 

. .ra 3a — 2 2 — 2ai 

1 —a</3<mm<—, —--, - >. 

^ l2’ 2a2-6a + 5’ 4a-3/ 

By tedious computations, it is not difficult to check that /3 would work as long as 

3a — 2 


(2.40) 


1 — a < 


2a‘^ — 6a + 5 


a > ao- 


If the above inequality fl2.38p holds true when m = 2 ^^, then one may take m = 2 ;^ + e 
for some sufficiently small e (e > 0 may depend on a and /3) such that both inequalities 
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fl2.38p and fl2.39p fulfil. The reason is that both the inequalities fl2.38p and fl2.39p are 
strict. □ 


Now let us say some words to complete the proof of Theorem 11.11 
Proof of Theorem \1.1[ In Lemma 12.61 we have proved that 

sup ||G(t)|| 2 +, < cx), 

0<t<T 


(2.41) 


which is a key estimate in order to complete the proof of Theorem 11.11 (see for example 
[321112]). For the sake of convenience, we sketch it here. In fact, as detailed in Step 2 of 
I, the above estimate fl2.4ip implies 

f ||a;(r)||^^+,(ir < oo. 


which further gives rise to 

Finally, by Lemma 3.3 of 


/ l|G(r)||B^^ dr < oo. 

Jo 

we obtain 


It follows from the Littlewood-Paley technique that 

[ ||Vn(r)||Lcx= dr < C /" (||n(r)||i 2 + ||a;(r)||s(^ dr < oo. 

Jo Jo 

The above estimate is sufficient for us to get the desired results of Theorem 11.11 The 
details can be found in |32l|42|. Thus we omit the details. Therefore, this concludes the 
proof of Theorem 11.11 □ 
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